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Maximum Thrust Nozzles for Nonequilibrium Simple
Dissociating Gas Flows

M. PeTER Scorierp* AND Jor D. HorrMANT
Purdue University, Lafayette, Ind.

A formulation, numerical solution technique, and computer program implementing the
tecbnique are presented for the design of maximum thrust nozzles for rotational or non-
equilibrium simple dissociating gas flows including boundary-layer effects. The formula-
tion is based on the usual assumptions applicable to rotational and nonequilibrium simple
dissociating gas flows and on the assumption that the boundary layer is thin. The thrust
is maximized by application of the calculus of variations. The resulting design equations are
hyperbolic partial differential equations, which are solved by the method of characteristics.
The results of a study to determine the magnitude of the p‘erf.ormance increases that can be
expected by considering more accurate flow chemistry models are presented. The results
indicate that significant performance improvements may be possible.

Nomenclature
a = acoustic speed
C,C. = nonequilibrium and equilibrium atomic mass frac-
tion, respectively, of simple dissociating gas
C; = mass fraction of general species ¢
C,,Cp; = constant pressure specific heat of mixture and species
%, respectively
d = width of two-dimensional nozzle
f = thrust function, Eq. (19)
g = generalized isoperimetric constraint, Eq. (12)
h,h; = enthalpy of mixture and species 7, respectively
k. = reverse reaction rate constant
;Do = pressure and ambient pressure, respectively
R,R: = gas constant of mixture and molecule, respectively
T = temperature
U, = axial and radial velocity component, respectively
14 = velocity modulus, V = (u? + »2)V/?
W, = molecular weight of molecular species
z,y = axial and radial spacial coordinate, respectively
a = Mach angle, & = sin"4(1/M)
B: = Lagrange multipliers, 1 = 1,2
% = specific heat ratio
3 = &8* cosd
8% = boundary-layer displacement thickness
MHYw = inviscid core boundary and nozzle wall, respectively
6 = flow angle, 8 = tan~'(v/u)
N = Lagrange multipliers ( = 1,2,3,4,5)
v = 0, two-dimensional flow; 1, axisymmetric flow
p = density
4 = atomic species source funetion, Eq. (10)
T = wall shear stress
¥ = thermodynamic function, Eq. (9)

Subscripts and Superscripts

F = evaluated at wall point ¥
Cp,T,

U0, T,
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partial derivative with respect to that variable
total differentiation with respect to z

Introduction

SIGNIFICANT difference generally exists between the

actual performance and the predicted isentropic per-
formance of many jet propulsion engines. A large part of
the performance loss oceurs in the exhaust expansion system
as a result of nonequilibrium chemical reactions, gradients
in stagnation conditions and mixture ratio, and boundary-
layer effects. In the scramjet engine, where losses in gross
thrust can be magnified several times in net thrust, the
degradation of engine performance can be so severe that the
effectiveness of the engine could be impaired. In view of the
serious effects these nonideal processes ean have on the per-
formance of both air-breathing and rocket engines, it is im-
perative that they be given very careful consideration in the
design of the expansion nozzle for such engines.

The present analysis presents the formulation of an op-
timization technique, a numerical solution method, and a
computer program for the design of two-dimensional and
axisymmetric thrust nozzles when the working fluid is either
a simple dissociating gas in chemical nonequilibrium or a
general gas mixture whose composition is either frozen or in
chemical equilibrium. The effects of the boundary-layer
thickness and the wall shear stress are included in the formu-
lation and computer program.

The first application of sophisticated optimization tech-
niques to the design of thrust nozzles was made by Guderley
and Hantsch,! who considered the problem of irrotational
flow (isentropic throughout) through an axisymmetric
nozzle of fixed length. Later, this same problem was con-
sidered by Rao,? who developed a formulation and solution
technique that has proved much easier to apply. Currently,
Rao’s technique is in wide use throughout the propulsion
industry. The differences between the formulations of Ref.
1 and Ref. 2 were analyzed by Guderley,? who extended th.e
development to include isentropic flows with entropy vari-
ations between streamlines. These three formulations were
all developed along the one-dimensional control surface,
illustrated in Fig. 1, consisting of the left-running Mach line
CKF. Since the path taken by streamlines was not con-
sidered in the development, the formulations are valid only
for flows in which no dissipative effects occur.

The problem of obtaining the optimum nozzle contour for
a general geometrical constraint was formulated by Guderley
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and Armitage.? Although their formulation was restricted
to nondissipative flows, it can be extended to include flows
with dissipative processes since the entire flowfield in the
region IKFI, Fig. 1, is considered in the formulation. The
formulation presented in this work is based on this general
approach.

The problem of minimizing the recombination losses in a
one-dimensional nozzle was investigated by Appletons;
however, two-dimensional effects and exit divergence losses
were not considered. A nozzle design technique for two-
dimensional, nonequilibrium flows based on truncated perfect
nozzles was developed by Burwell, Sarli and Zupnik.s Al-
though the truncated perfect nozzle is not an optimum
nozzle, the results obtained by such an approach can be use-
ful. Kraiko et al.7-® developed the design equations for mini-
mum wave drag bodies and maximum thrust nozzles for both
irrotational and nonequilibrium flows. Various body shapes,
some of which included base pressure effects, were investi-
gated. A one-dimensional formulation and numerical solu-
tion for the maximum thrust problem for nonequilibrium flow
including annular base pressure effects was developed by
Galyun and Kraiko.® However, divergence and boundary-
layer effects were not considered. Hoffman!® developed a
general nozzle design technique for two-dimensional and
axisymmetric flow of a general gas mixture in chemical non-
equilibrium. Scofield, Thompson, and Hoffman!! developed
a design technique and computer program for the design of
maximum thrust nozzle contours including boundary-layer
effects for irrotational flowfields. The formulations of
Refs. 10 and 11 were combined and extended by Hoffman,
Scofield, and Thompson'? to include a general gas mixture
in chemical nonequilibrium, a simple dissociating gas in
chemical nonequilibrium, and a general gas mixture whose
composition is either frozen or in chemical equilibrium, all
including boundary-layer effects.

The formulation presented in this work is developed in
Ref. 13. A numerical relaxation procedure is presented for
applying the resulting design equations. A sample case is
presented to demonstrate the technique. A brief parametric
study is presented to illustrate the magnitude of the per-
formance improvement which can be obtained. This pro-
cedure represents a significant advancement in the numerical
solution of the general two-dimensional nozzle design problem.

Analysis
Introduction

There are two basic approaches to thrust nozzle optimiza-
tion. The first and more simple approach poses the extremal
problem of maximizing the thrust written in terms of the
flow variables along a control surface passing through the
nozzle exit lip. In this approach, the only constraints that
can be imposed are those directly expressible in terms of this
control surface. Thus, constraints such as constant wall
arc length or nozzle surface area can not be imposed on the
problem. In addition, flows with dissipative effects can not
be considered since the flow properties at the control surface
depend on the path of each streamline. Because the control
surface reduces to a line for two-dimensional or axisymmetric
flows, the variational problem becomes one-dimensional.
In general, one-dimensional problems are more easily solved
than those in two or three dimensions.

The second basic approach, and the one employed in the
current work, poses the extremal problem of maximizing
the thrust written in terms of the forces acting on the nozzle
wall. In this approach, the entire region IKFI in Fig. 1 is
considered, and as a result, flows with dissipative effects such
as finite rate chemistry or particle drag and heat transfer
can be included. Boundary-layer effects and a general
geometrical constraint may also be included in the formula-
tion. Because of the resultant two-dimensional nature
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and increased generality of this approach, the solution be-
comes much more complex. However, with high-speed
computers the numerical solution of such problems is feasible.

Gas Dynamic Model

Two gas dynamic models are considered in this study.
The first is a simple dissociating gas (i.e., a homonuclear,
diatomic gas) in chemical nonequilibrium. The governing
reaction is the dissociation-recombination reaction between
the atoms and the molecule in the presence of a third body,
which consists of the other atoms and molecules of the gas.
The individual species are assumed to be thermally perfect
gases. The second is a general gas mixture of any number
and type of species whose composition is fixed (i.e., frozen)
or determined from equilibrium thermodynamics (i.e.,
equilibrium). In both cases, variations in stagnation pressure
and enthalpy are allowed across the flowfield, resulting in a
rotational flow.

The governing equations for the steady flow of a simple
dissociating gas in the absence of transport phenomena and
body forces are as follows (see Ref. 13):

Y ou. + ¥ o0y + y'up. + y'vpy 4 vor = 0 )]

puu, + pruy + p. = 0 2
puv, + pvy + py = 0 3
up. + vpy — @*up: — a*vp, + Y = 0 4)
puC, + poCy — o =0 5
p = pTRy(1 + C) (6)
2
h= Y h; (M)
i=1
T .
hi= o+ [ Cdl =12 ®
Y= [(v — 1)(hs — he) — yR:T]o 9

o = 4p%,(1 + (Y (C2 — CH)/ W1 — (.3 (10)

A general gas mixture, when frozen or in equilibrium,
obeys Egs. (1-4) with ¢ = 0. Thus, both gas models can
be considered simultaneously in the optimization formulation,
and the results for the general mixture can be obtained by
setting ¥ = 0 and dropping Eq. (5). In addition, the gen-
eral gas mixture requires relationships between V, p, T, and
a alohg streamlines. Such relationships can be expressed
in tabular form, and need not be restricted to thermally per-
fect gases.

Boundary-Layer Model

Boundary-layer effects are considered in the formulation
by including the wall shear stress 7 and an integral boundary-
layer thickness 6* in the expression for the thrust integral.
To retain generality, no particular expressions for 7 and 6*
are assumed; however, they are restricted to be functions
only of the radial coordinate y. This restriction is necessary
to decouple the interaction of the boundary layer and the
flowfield in the variational problem. The interaction must
be one-way (flowfield on boundary layer and not vice versa)
in order to preserve the tack-on nature of the boundary-layer



1826 l M. P. SCOFIELD AND J. D. HOFFMAN

NOZZLE
WALL Fw
Y
/(‘F
I
w { INVISCID . 2 Model f
l CORE Fig. ocel lor
- BOUNDARY thrust evaluation.
w
X Ty,
&
ox

model. The thickness 6% is normally taken to be the dis-
placement thickness, although this is not required in the
general analysis.

Formulation of the Design Problem

The extremal problem is formulated by considering the
thrust produced by the supersonic portion of the nozzle
flowfield, which is obtained by integrating the axial com-
ponents of the pressure force and the shear drag acting on the
nozzle wall. If x; and zr are the axial coordinates of the
end points of the wall, then the thrust generated is given by
the following equation (see Fig. 2):

THRUST o o
gt = J 10 = w0+ 8 — 7ltn + oyds (1)

where y = n(2) is the inviscid core boundary to be determined
from the analysis.

From Fig. 1, it can be seen that if the lines IK and KF are
right- and left-running Mach lines respectively, only the por-
tion of the flowfield enclosed in the region IKFI will be
affected by changes in the nozzle wall contour between points
I and F. Hence, only the region IKFI is considered in the
formulation of the optimization problem. The condition
that the boundary KF is a left-running Mach line is obtained
later from the analysis. Thus, the contour obtained is
optimum only for the arbitrarily specified upstream geometry.
The effect of the upstream geometry can be studied para-
metrically to determine the best combination of upstream
geometry and supersonic contour.

The gas dynamic flow model is introduced into the vari-
ational problem by employing the flowfield governing equa-
tions, Eqgs. (1-5), as constraints which will apply throughout
the entire region IKFI. This is accomplished by multi-
plying each by a Lagrange multiplier, integrating over region
IKFI, and adding the result to the thrust equation.

The geometrical or engineering restriction is imposed on
the nozzle contour by a general isoperimetric constraint, that
is, one in which the integral of some function along the
boundary must be constant. Thus, the expression

ZF N
lep g(x,n,m,p)de = const (12)

is multiplied by a constant Lagrange multiplier and added -

to the thrust equation. If g = 1, a constant length nozzle is
specified. Examples of other constraints are presented in
Ref. 13.

The formulation of the problem is completed by specifying
that the inviscid core boundary IF be a streamline. This
is accomplished by multiplying the equation of a streamline
by a Lagrange multiplier, integrating along IF, and adding
the result to the thrust equation. Thus

7’punp — v) =0 onlIF (13)

The term 7”"p is included to simplify future operations.
The following functional, which is to be maximized, is ob-
tained when all of the above constraints are added to the
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thrust equation

7= fR Fdzdy + fI oy Gz (14)

where

F = M@ pus + y'pvy + yup. + yvpy + vpv) +
No(purte + pvuty + 2) + Ns(puv. + pvvy + py) +
N(up. + vpy — a*up. — a*vp, + ¥) +
As(puCs + poCy, — o) in B (15)

G =0 onlIKand KF (16)
G = —[f+ Bn'plun — v) + Bgl onFI (17
F=1[p—p)H+ 8 — 7l(n + 8 (18)

The Lagrange multipliers A;—\s are functions of x and y, 8 is
a function of z, and B, is a constant. The gas dynamic
properties u, v, p, p, and C are functions of z and y.

The fundamental function F is the only portion of the
functional to be maximized that includes the gas dynamic
model. The fundamental function defined by Eq. (15) is
for the simple dissociating gas model. For the frozen or
equilibrium flow (rotational) model, the fundamental func-
tion is given by Eq. (15) with ¢ = X\; = 0. The functions
G and f arc the same for the two gas models. Thus, all future
derivations and results are for the simple dissociating gas
model, and results valid for the rotational flow model can be
obtained by simply discarding those terms which contain the
chemical kinetics effects (namely, terms containing ¥, C or
X5, their partial derivatives, or partial derivatives with
respect to C).

With the complete functional formed, the problem now is to
find that special function y = 7(z) which, subject to pre-
scribed initial conditions and constraints, maximizes I of
Eq. (14).

Necessary Conditions

In the calculus of variations, three general conditions
must be satisfied if an extremal of a function is to be found.
These are the Euler equations, the transversality conditions,
and the corner conditions.

The Euler equations are partial differential equations
which determine the Lagrange multipliers in region IKFI.
These equations arise when the coefficients of the variations
of the dependent variables resulting from the first variation
of the fundamental function are set to zero. The Euler
equations, derived in Ref. 13, are as follows:

Y Az + U2z + VAey — Nl — Agte —
(No/p) (p= — a%pz) — MLl
YNy + Uhas - vy — Nty — Agvy —
(Ne/p)(py — a’py) — NC,
Now + Aay + UNg + vy + Na(ue + v,) +
Nty (upe + vpy) = Ny — M50 (21)
= (uhiz + vA) + a2 + vhg) + Nat(us + ) +
Nagp?u — No/p)Pz + (N, — N3/p)py =
— N, + Nsop — (Mae? + No/p (22)
puts: + pvAsy + Mact(up. + vpy) = Ns(wov/y) +
Mo — Nsoc (23)
The symbols a,? and ac? denote the partial derivatives of
the sound speed squared with respect to p and C.
In order to determine the Lagrange multipliers, boundary
conditions are required. These are obtained from the trans-

versality and corner conditions. The transversality condi-
tions arise when the dependent variables on the boundary

No(vo/y)  (19)

Il

As(vo/y)  (20)
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or the boundary itself are allowed to vary. The corner
condition must be included when corner points exist on the
boundary. For the current formulation, the following
variations on the region boundary are allowed. The bound-
ary line IK is assumed to be specified; therefore, the contour
obtained is optimum only for the a priori specified upstream
flowfield. The boundary lines KF and FI are allowed to be
completely free. The corner points I and K are fixed. The
corner point F is completely free. The boundary conditions
for the Lagrange multipliers resulting from the transversality
and corner conditions are presented in the next section.
The derivations of these conditions are presented in Ref. 13.

Summary of Resulting Equations

The flow field governing equations, Eqs. (1-5), and the
Euler equations, Eqs. (19-23), yield ten partial differential
equations for determining the ten variables w,v,p, p, C, A, As,
As, Ay, and As.  These equations form a system of first-order,
quasi-linear, nonhomogeneous, partial differential equations
of the hyperbolic type when the flow is supersonic. There-
fore, this system of equations can be replaced by an equiva-
lent system of characteristic and compatibility equations,
which are first-order, ordinary differential equations valid
along the characteristic lines, which are streamlines and
Mach lines. The following system of equations is obtained.
Along streamlines

dy/dz = v/u (24)
pudu + pvdy + dp = 0 (25)
udp — a®udp = —dz (26)

pudC = odz 27)

—y’dN + a2dNg + Ndu + Nsdv + (Ma/p) (pa,? — Lydp =
{Ouwa/ww/y — N, — Mo, + (Mac? + Xs)a/pl/u +
Ny/putdz  (28)
y'dN + udhy + vdhs — Nedu — Agdv =
[Go/y)(Ne + Aw/u) — (N — Nso)/pulde (29)
oudhs + Nac®udp = (Whspv/y + Mpe — Asoc)dx (30)
Along Mach lines
dy/dz = tan(f = a) (31)
+ cotadp/p + udv — vdu =
v — udy/dx)(wvv/y + ¥/pa*)dz  (32)
—y'dN\ % tana(vd\y — udhs) + Nedu + Nsdv + N\dC -+
Mdp — a%dp)/p = £(v/y) tana(\dy/de — Ag)dx -
tana{ Ml(pas? — D/p — 0%, — ¥, — ac’o/p) +
_7dx —
a cos(f £+ a)

As(ato, + O'p)} (33)

The upper signs refer to left Mach lines and the lower signs
to right Mach lines. The partial derivatives of ¢, ¥, and a?
appearing in the above equations are presented in Ref. 13.

The boundary conditions for the Lagrange multipliers
along FT are given by the following expressions:

181 = )\1 (34)

As = Ao — fp ~ By (35)

M= Ay F f:F (/") [fodv/dz — (f, — dfs/dz)/pulde +
B2 j;rp (/7)) [g,dv/dx — (9, — dgs/dz)/pulde  (36)

Me = —(1/0"0w) (fa + Bogn)lr (37)
B = —f/glr (38)
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The boundary conditions along KF are:

MYG 4+ No(ug — v) = 0 (39)
MY — N(ug — ) = 0 (40)
Ay — A2 =0 41)

As =0 (42)

Method of Solution

An examination of the resulting equations shows that,
once the nozzle flowfield has been determined, there are
a sufficient number of equations and boundary conditions
to determine the Lagrange multipliers. Actually, there is
one extra boundary condition; it is this extra boundary
condition that serves as a check to determine whether or not
an assumed nozzle contour is an optimum contour. Thus,
the solution procedure for the determination of an optimum
nozzle contour is an iterative procedure. That is, an initial
wall contour is assumed, and the flow and Lagrange multi-
plier fields are calculated. Then the extra boundary condi-
tion is checked, and if this extra condition is satisfied, the
assumed contour is optimum. If it is not, then the nozzle
wall must be adjusted by a relaxation technique, and the
above process repeated until the check condition is satisfied.

The Lagrange multipliers are determined in the following
manner. First the flowfield is calculated for some assumed
contour, and the multipliers at point F are evaluated using
Egs. (837) and (38). Then all the multipliers along the exit
Mach line KF starting at point F are determined by the
simultaneous solution of Eq. (33) for the left-running Mach
line with Eqgs. (39-42). Using these values along KF and
Egs. (28-30) and (33), the multiplier field is calculated
throughout the region IKFI. The procedure is initiated at
point F and continued down to IK.  When the solution along
the boundary FI is sought, Eq. (36) is used to evaluate A,
and the left-running Mach line compatibility equation of Eq.
(33) is omitted.

In order to determine if the assumed contour is optimum,
Eq. (35), which was not used in the above scheme, is evalu-
ated using the known multipliers and flow variables along
FI. If Eq. (35) is indeed satisfied, the assumed contour is
an optimum contour; if it is not, then the wall contour must
be adjusted until Eq. (35) is satisfied. A relaxation technique
for adjusting the nozzle contour is presented in the following
section.

Relaxation Technique

A relaxation technique for adjusting the nozzle wall is ob-
tained by rewriting Eq. (85) in terms of an error function %.

=X\ — ’/])\2 + fp -+ ,82gp (43)

When expanded, using the particular form of f, obtained from
Eq. (18) and considering constraints which do not depend
on pso g, = 0, F becomes ~

E =X — 1\ (1+ dé/dn)(n + )" (44)

Generally, E will not be equal to zero. In order to reduce
F to zero, a relationship between I and the wall coordinates
must be determined which can be employed to reduce E to
zero. In previous works, Refs. 5 and 11, this relationship
was determined numerically and required approximately
80% of the total computational time. Ilowever, the total
running times were not excessive since the flowfields were
isentropic, resulting in relatively rapid computations. How-
ever, for the current work and those involving more complex
gas dynamic models, the basic computational times are
measured in minutes, not seconds. Therefore, a technique
that provides a simple relationship between the wall contour
and the error function and eliminates as much numerical work
as possible is required. Such a technique is presented below.
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Fig. 3 Nozzle contours for convergence example.

It is seen that Eq. (44) explicitly contains 5. If it is
assumed that the variables in Eq. (44) do not change appre-
ciably with small changes in the nozzle contour, it appears
reasonable to expect that solving Eq. (44) for 5 (for £ = 0)
would yield the optimum value, or at least a value closer
to it than the original value of . Performing this iteration
yields the following result for 7:

7= N/[Ne — (1 + dd/dn)(n + 6)’] (45)

The new contour () is determined by integrating Eq. (45).
Thus

1@ = ) + [ i@ds (46)

This scheme is very simple and requires a negligible amount
of numerical computation. KExperience with this relaxation
technique has shown that it converges rapidly and that con-
vergence can be greatly enhanced by the judicious use of a
variable weighting factor applied to the predicted changes of
the wall slopes. To illustrate the behavior of the scheme,
the following example case is presented.

The example selected was a constant length nozzle, 35-in.-
long with a throat radius of 5 in. and an initial expansion sec-
tion radius of curvature of 2.5 in. The gas thermodynamie
properties, which were assumed to be constant, are: v =
1.2, R = 60 (ft-1bf/ibm-°R), Py = 1000 psia, Ty = 5000°R,
and g = 5(10)7% lbm/ft-sec. Sauer’s transonic analysis't
using an upstream throat radius of curvature of 15 in. was
used to determine the start line. The boundary-layer model
employed is discussed in Ref. 13. The nozzle exhausts to a
3 psia back pressure. The first estimate of the contour was
a 25° cone, and is shown in Fig. 3, as is the final contour.
The convergence criterion for all point values of the non-
dimensionalized error function was 0.0001, and ten iterations

[eX:]
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Fig. 5 Wall angle behavior for example.

of the wall were required to achieve this condition. The
behavior of the error function is shown in Fig. 4 at various
stages of the iteration process. IC = 0 designates values
of the error function for the first estimate of the contour, IC
= 1 after'1 iteration, etc. The absolute value of error func-
tion decreases after each successive iteration except for slight
increases near the nozzle entrance after the first and second
iterations. The rapid decrease on the third iteration is a
result of the application of a variable weighting factor applied
to the predicted wall slopes after the second iteration. The
weighting factor varied linearly in 2 from 1.5 at point I to
0.7 at point F. The changes in the wall angle vary in a
manner similar to the error function, but with opposite signs
(see Fig. 5). Again, the sharp change in the calculated wall
angle correction determined after the first and second itera-
tion is a result of the employment of the variable weighting
factor.

Although ten iterations were required to reduce all the
point values of the error function to within the limits of the
convergence criterion, the thrust approached the final value
much sooner. After three iterations the thrust was 133,167
Ibf, compared with 131,341 1bf for the first estimate. After
four iterations, the thrust was 133,182 1bf, and the final value
was 133,185 1bf. This result indicates the severity of the
convergence criterion in regard to performance considera-
tions, but as illustrated in Fig. 5, significant adjustments to
the entrance portion of the contour continued to occur after
the third iteration.

Parametric Study
Objectives

The purpose of this parametric study was to ascertain the
order of magnitude of the performance increase that is pos-
sible by considering in the design process the actual non-
equilibrium gas chemistry. Boundary-layer effects were not
considered in the parametric study, since the performance
improvement obtained by including these effects has been
shown to be small (Hoffman, Scofield and Thompson?®).
No variations in the upstream geometry were considered.
For flows which freeze near the throat, increasing the throat
radius of curvature may increase performance substantially.

Table 1 General gas model, GGM, properties

Property Molecule Atom
Molecular weight, W 40.0 20.0
Specific heat, €5, cal/mole-°K 9.0 5.0
Enthalpy, A, keal/mole 50.0 80.0
Entropy sret, cal/mole-°K 65.0 50.0
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Table 2 Effect of reaction rate

Nozzle thrust, 1bf
Type of flow chemistry
Type of
optimum  Equil. -Nonequil. Nonequil. Nonequil. Frozen
contour kr = © kT = 109 krT = 1018 kr7 = 107 fkr =0

Equil.

kr = o 2400 2379 2334 2296 2284
Nonequil.

krT = 10 2399 2385 2340 2300 2289
Nonequil.

krT = 10%® 2393 2383 2343 2302 2290
Nonequil.

krT = 107 2393 2382 2341 2302 2290
Frozen

kr =0 2393 2381 2340 2302 2290

Although this effect could be investigated parametrically, no
such studies were conducted during this investigation.

Gas Chemistry Effects

The study of nonequilibrium gas chemistry effects was
based on a reference gas chemistry model, termed the General
Gas Model (GGM), for which the effects on thrust perform-
ance of changes in the reaction rate, nozzle size, stagnation
temperature and molecular weight were evaluated. The gas
model was chosen to be representative of the properties of
the common diatomic gases. The GGM properties are
listed in Table 1. The reference temperature 7. at which
hret and Se¢ are evaluated is 4500°R. The nominal value of
the reverse reaction rate &, was chosen as 1087 ~lem®/mole?-
sec. The nozzle stagnation temperature and pressure were
selected as 6320°R and 800 psia.

The geometrical constraint selected was a fixed length
nozzle with a length of 7.0 in. The throat radius was 1
in., and the radius of curvature of the initial expansion
contour was 0.5 in. The flow was assumed to be in equilib-
rium up to the supersonic initial-value line, which was chosen
as a 10° source flow line with an equilibrium Mach number
of 2. This start line was selected as representative of the
conditions that might exist at the nozzle entrance of a scram-
jet type engine operating at an altitude of 50,000 to 100,000
ft at a flight Mach number of 10. The ambient pressure was
set equal to zero.

In order to obtain the properties along the start line and
the equilibrium and frozen flow properties in the expansion
section, a table of the GGM flow properties was generated
with a general thermochemistry program. The values of
the velocity, pressure, density, temperature and atomic mass
fraction at the start line were 5692.1 fps, 107.72 psia, 0.0704
Ibm/ft?, 5232°R, and 0.0901, respectively. The frozen Mach
number was 1.866.

The object of Case 1 was to determine the effect of vari-
ations in the reaction rate, within the probable limits of un-
certainty, on gross thrust and thrust improvement obtained
by optimization of the nozzle contour. From Cherry,' the
degree of uncertainty in the reaction rates of the common
diatomic gases is a factor of 10=. Thus, five optimum
nozzles were generated, one for each of the following flow

Table 3 Effect of nozzle scaling

Nozzle thrust, lbf
Type of flow chemistry

Type of

optimum Equil. Nonequil. Frozen

contour kr = o k.T = 1018 k. =0
Equil. (21602) (21005) (20554)
ky = o 21602 21217 20553
Nonequil. (21537) (21083) (20608)
kT = 1018 21561 21273 20605
Frozen (21533) (21063) (20611)
k., =0 21534 21259 20611
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EQUILIBRIUM, Kpe 0

in | NONEQUIL., K, T=10'2
3t

FROZEN, K,=0
Fig. 6 Optimum
contours for Case

NONEQUIL., K, T=(0'8
1.

chemistry models: equilibrium with &, = , nonequilibrium
with £, T = 10,108, and 10Y, and frozen with k&, = 0. These
five optimum nozzles were then analyzed with each of the
other four flow chemistry models. The resulting gross thrust
data are presented in Table 2, and the nozzle contours are
illustrated in Fig. 6. Optimum nozzles appear along the
upper left to lower right diagonal of Table 2.

The thrust improvement obtained in the design process
is obtained by comparing the thrust difference of the various
nozzle-flow chemistry combinations. The maximum poten-
tial thrust improvement is the difference in the equilibrium
and frozen values, and is 110 1bf, or approximately 5% of
gross thrust for this case. If the actual flow were frozen,
the thrust improvement obtained by designing for frozen
flow would be 6 1bf over the optimum equilibrium nozzle
analyzed with frozen flow. If the flow was actually in chemi-
cal equilibrium, then designing for equilibrium flow results
in a thrust increase of 7 1bf over the optimum frozen contour
analyzed with equilibrium flow. However, the flow through
many propulsion nozzles is neither frozen nor in equilibrium
but rather in a state of chemical nonequilibrium. Thus,
if the value of the reverse reaction rate is 10%7~! and finite
rate chemistry effects are considered in the design process,
an actual nozzle thrust of 2343 1bf would be obtained. This
represents a 9 1bf increase over the equilibrium nozzle design
and a 3 Ibf increase over the frozen nozzle design when each
are analyzed with nonequilibrium flow.

Table 2 also presents the gross thrust data for the variation
of k. within the probable limits of uncertainty (i.e., for k. T =
10 and 107). The variation of gross thrust as a function
of the reaction rate is quite significant, varying up to within
15 Ibf of the equilibrium value and down to within 12 Ibf
of the frozen value. However, the variation in thrust ob-
tainable for each of the three reaction rate models considered
varies by at most 8 Ibf in each of the three nozzles designed
for nonequilibrium flow. Thus, it would appear that the
effect of variations in the reaction rate within the probable

EQUILIBRIUM, K s

Fig.7 Optimum
contours for Case

5 NONEQUIL., K,T=10'®

NOTE: EXPANDED VERTICAL SCALE

] 4 8 12 16 20 24
X, in
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a4t
Y EQUILIBRIUM, K =
y

T noneQuiL., K, T= 108

Fig.8 Optimum
contours for Case

3.

limits of uncertainty is not as critical a factor on the nozzle
design as is the inclusion of the finite rate effects themselves.

Figure 6 illustrates the contours of the equilibrium, non-
equilibrium with £,7 = 109 and 10%, and frozen optimum
nozzles. There is a decided difference between the contours,
with the nonequilibrium contours being closer to the frozen
contour than to the equilibrium contour. Although the
performance of all the nonequilibrium nozzles is between the
limits of the equilibrium and frozen nozzles, this is not the
case for the shapes of all the optimum contours. The
equilibrium and frozen nozzles both open up more rapidly
than does the nonequilibrium nozzle with £.7 = 10%. This
result is expected since equilibrium and frozen flows can ex-
pand rapidly (with no process loss occurring), and once
sufficiently expanded, the flow can be rapidly turned back
toward the axial direction to reduce the divergence loss.
However, the nonequilibrium flow process has an extra degree
of freedom, the degree of recombination, which governs the
amount of thermal energy released. As a result, the finite-
rate nozzle contours do not, in general, expand as rapidly as
do the isentropic nozzles in order to avoid freezing the flow.
This permits the release of additional thermal energy which
can then be converted into directed kinetic energy.

Case 2 investigated the effect of nozzle size on the relative
performance and shape of the optimum nozzle. The geom-
etry of the reference nozzle was scaled up by a factor of three,
thus increasing the mass flow rate by a factor of 9. The
resulting nozzle has a length of 21 in., a throat radius of 3 in.
and an initial expansion section radius of curvature of 1.5 in.
The performance values are presented in Table 3, and the
optimum contours are illustrated in Fig. 7. The numbers in
parentheses above the thrust values in Table 3 are the scaled
values obtained by multiplying the results of Case 1 by 9.
Again, optimum contours appear along the diagonal. All
values scale exactly by 9 except the nonequilibrium per-

40] EQUILIBRIUM, K/ne0
Y,
in
30
Fig.9 Optimum
FROZEN, k=0 contours for Case
20} 5.
NONEQUIL., K,T=7.5x10®
1.0
NOTE: EXPANDED VERTICAL SCALE
o
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Table 4 Effect of stagnation temperature

Nozzle thrust, 1bf
Type of flow chemistry

Type of
optimum Equil. Nonequil. Frozen
confour ke = o kI = 108 ke =0
Equil.
ky = 2494 2459 2267
Nonequil.
kT = 1018 2489 2473 2285
Frozen
E =0 2461 2460 2294

formance values, and the thrust of all three contours an-
alyzed with nonequilibrium flow has shifted upward toward
the equilibrium value. This is as expected, since the flow
stay time in the nozzle, and thus the amount of recombina-~
tion, is greater for the larger nozzle. The thrust improve-
ment obtained by considering the finite rate chemistry effects
in the design process has also changed. The values are 56
Ibf when compared with the optimum equilibrium contour
analyzed with nonequilibrium flow, and 14 Ibf when com-
pared to the optimum frozen contour analyzed with non-
equilibrium flow. The maximum potential recovery for this
case is 991 Ibf. This result would tend to indicate that the
percentage of the maximum potential thrust recovery which
can actually be recovered by considering nonequilibrium
effects in the design process decreases with increasing nozzle
size. As illustrated in Fig. 7, the shape of the optimum non-
equilibrium nozzle does not scale with the size of the nozzle.
This is seen by noting that the cross point of the nonequilib-
rium and frozen contours occurs approximately six inches
downstream of the throat for both the 7-in.- and 21-in.-long
nozzles.

In Case 3, the effects of stagnation temperature were in-
vestigated. The stagnation temperature was raised to
9065°R and lowered to 3600°R. At the lower temperature
there was effectively no difference between the equilibrium
and frozen performance or contours. The thrust of both
nozzles was the same to five significant figures (2430.0 1bf).
However, for the higher temperature, chemistry effects were
significant. The atomic mass fraction at the start line in-
creased to 0.712 from 0.090 for Case 1. The start line
properties p, T, p, and V for an equilibrium Mach number of
2 were: 110 psia, 7002°R, 0.0342 lbm/{t?, and 8381 fps,
respectively. Again, equilibrium, nonequilibrium with %,.T
= 108, and frozen optimum contours were generated. The
performance values are presented in Table 4, and the con-
tours are illustrated in Fig. 8. Using the nominal value of
the reaction rate results in a flow that is much closer to
equilibrium, the optimum nonequilibrium thrust being only
21 Ibf less than the optimum equilibrium thrust, whereas the
difference between the optimum frozen and equilibrium
thrusts has increased almost 1009, to 200 1bf. The thrust
improvement of the optimum equilibrium nozzle over the
frozen contour analyzed with equilibrium chemistry has

Table 5 Effect of molecular weight

Nozzle thrust, 1bf
Type of flow chemistry

Type of
optimum Equil. Nonequil. Frozen
contour ky = kT = 108 k=0
Equil.
k, = o 2400 2326 2284
Nonequil.
kT = 10 2393 2335 2290
Frozen
k. =0 2395 2333 2290
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Table 6 Hydrogen gas model properties
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Table 7 Hydrogen gas performance comparison

Property Molecule Atom
Molecular weight, W 2.016 1.008
Specific heat, Cp, cal/mole-°K 8.266 4.968
Enthalpy, hres, kcal/mole 14.672 54.656
Entropy, sret, cal/mole-°K 45.004 36.848

also increased to 33 Ibf, and an increase in the thrust of 27
Ibf was obtained for the optimum frozen nozzle over the
equilibrium contour analyzed with the frozen flow. The
increases in the thrust of the optimum nonequilibrium nozzle
over the equilibrium and frozen contours analyzed with
nonequilibrium flow were 14 Ibf and 13 Ibf, respectively.
Thus, all the thrust improvements, except for the optimum
nonequilibrium nozzle over the equilibrium contour analyzed
with nonequilibrium flow, have increased over the values ob-
tained in Case 1. This is as expected, since there has been
a shift of the nonequilibrium performance toward the equilib-
rium performance, thereby decreasing the difference between
them and the amount of thrust that can potentially be
recovered.

The effects of molecular weight were studied in Case 4.
Tor this case, the per mole properties of the GGM were held
constant and the molecular weights halved. The only
change from Case 1 that oceurred in thrust or in the nozzle
contour was associated with the nonequilibrium flow model,
and was due to a reduction of the effective reaction rate.
This result is illustrated in Table 5 by the reduction of the
thrust to 2335 Ibf from 2343 Ibf for Case 1. These results
also show that the thrust for the equilibrium and frozen flow
optimum nozzles remains constant at the values for Case 1,
even though the molecular weight has decreased.

Up to this point, only the artificial gas model developed
for this parametric study has been considered in the perfor-
mance comparisons. In order to substantiate these values as
being representative of the effects and improvements of a real
propellant system, an analysis was performed for the hydrogen
gas system in Case 5. A nozzle of the same geometry and
size as considered in Case 1 was used. The properties of the
gas are presented in Table 6. The reference temperature
T.e: was 3600°R and the nominal value of the reverse reaction
rate, taken from Cherry,’ was k, = 7.5(10)®7T ~em®/mole*-
sec. An equilibrium and frozen flow property table was
generated, and an equilibrium, ten degree source flow start
line was established with a velocity of 16,445 fps and equilib-
rium and frozen Mach numbers of 1.1545 and 1.060, respec-
tively. The nozzle inlet stagnation temperature and pressure
were 6350°R and 175 psia, respectively. These conditions
were chosen to be representative of the conditions that might
eventually be expected to exist in a high performance nuclear
rocket engine. Kquilibrium, nonequilibrium, and frozen
optimum nozzles were then generated and cross analyzed
with the 3 different flow chemistries. The thrust of each
nozzle-chemistry combination is presented in Table 7, and
the nozzle contours are illustrated in Fig. 9. There is a
97.2 Ibf difference in the performance of the equilibrium and
frozen optimum nozzles, and the performance of the optimum
finite rate nozzle is about midway between the equilibrium
and frozen nozzle performances. This was also the case for
Case 1. The thrust improvements of the optimum equilib-
rium nozzle over the optimum frozen contour analyzed with
equilibrium flow and vice versa were 9.5 1bf and 7.8 1bf, respec-
tively. The thrust improvements of the optimum nonequilib-
rium nozzle over the equilibrium and frozen contours an-
alyzed with nonequilibrium flow were 8.9 1bf and 1.7 Ibf,
respectively. As illustrated in Fig. 9, there is also a marked
difference between the frozen and equilibrium contours, as in
Case 1. The optimum nonequilibrium contour is again
closer to the frozen than to the equilibrium contour and has

Nozzle thrust, 1bf
Type of flow chemistry

Type of
optimum Equil. Nonequil. Frozen
contour ky = o kT = 75108 ke =0
Equil.
ky = o 971.4 917.5 866 .4
Nonequil.
kT = 7.5108 964 .1 926 .4 873.9
Frozen
ky = 0 961.9 924 .7 874 .2

a more gradual expansion in order to avoid freezing the
flow.

Conclusions

A formulation of the maximum thrust nozzle problem was
presented which includes the effects of finite rate chemical
reactions for the flow of a simple dissociating gas, variations
in stagnation conditions across the flowfield (rotational
flow) for a frozen or equilibrium gas mixture, and the losses
associated with the boundary layer. A parametric study
was conducted to determine the magnitude of the perfor-
mance increases which may be obtained by accounting for
nonequilibrium chemical reactions in the design process.
The results indicate that significant increases in nozzle per-
formance may be obtained when the actual nonequilibrium
flow chemistry is employed in the design process. In most
cases, the optimum nonequilibrium nozzle contour was close
to the optimum frozen nozzle contour. This suggests that,
when designing nozzles for nonequilibrium flows, frozen flow
designs approach the actual nonequilibrium design more
closely than do equilibrium designs, and should be employed
if actual nonequilibrium designs such as presented herein are
not performed.
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Reactive Stream Separation Photography

D. T. Cameeerr,* S. D. Crare,t R. L. Provrir, I anDp G. L. CLINES
Rocketdyne, A Division of North American Rockwell Corporation, Canoga Park, Calif.

High-speed photographic techniques were used to study impinging streams of nitrogen
tetroxide and hydrazine in an experimental investigation of reactive stream separation. The
high-resolution color motion pictures obtained show the detailed behavior of the liquid
streams, spray fan, and individual droplets within the combustion zone. For the first time,
reactive stream separation was shown to result from a eyclic phenomenon in which the
streams meet, form a spray fan, are literally blown apart by a detonation or explosive deflagra-
tion, and then reform. Blowapart frequencies and magnitudes were correlated with jet di-

ameters and injection velocities.

Introduction

TRECT impingement of liquid streams can be used as an
efficient means of mixing two liquids as well as atomizing
them. This technique has found frequent application with
liquid rocket engines. As first reported (1959) by Elverum
and Staudhammer,® however, impinging hypergolic liquid
streams may, under certain conditions and probably as a re-
sult of their chemical reactivity, tend to separate or be blown
apart rather than achieving the intended degree of mixing.

Continued experimental investigation by Johnson, Riebling,
et al.,2 77 of impinging jets or sheets of nitrogen tetroxide and
hydrazine in baffled or divided chambers, confirmed Elverum’s
photographic indication of fuel/oxidizer stratification. By
auxiliary injection of fuel and oxidizer downstream of the
chamber divider, performance changes could be used to
monitor the presence of unmixed propellants from the main
injection element. This work showed that the incidence of
separation was dependent upon orifice sizes, becoming more
pronounced as the orifice size was increased.

Since 1966, interest in blowapart or reactive stream separa-
tion, as it has alternately been called, was evidenced by both
in-house and contractual work by NASA-JPL, NASA-LeRC,
and by the Air Force (AFRPL). Most of the experimental
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methods have involved photography®—% in which color
stratification in the combustion zone downstream of the pro-
pellant impingment location was interpreted to signify blow-
apart.

Kushida and Houseman'® made a first attempt to develop
an analytical model to predict when separation would or
would not occur. This model included two regimes, depend-
ing upon the pressure of the environment. At low-to-moder-
ate pressures, separation was presumed to result from liquid/
liquid interfacial reaction and was thus dependent upon a
residence time as indexed by the jet diameter divided by the
injection velocity (D/V) and upon the propellant injection
temperature. At some higher pressure, the value of which
depended upon D/V, a gas phase reaction was presumed to
sustain the liquid stream separation. Lawver, Breen, et al8
obtained still photographic data which seemed to verify the
significance of D/V and propellant temperature. Their
semiempirical model, developed somewhat differently from
that of Kushida, emphasized the strong effect of liquid tem-
peratures through an Arrhenius reaction rate expression. Un-
fortunately, however, as reported by Zung,® much of the Ref.
8 data are now considered guestionable due to oxidizer boiling
as it was injected and to propellant reaction with lucite win-
dows of the experimental apparatus.

In summary, by the summer of 1969, blowapart was widely
recognized as a phenomenon that should be characterized for
the injector designer. However, design and operating condi-
tions conducive to separation had not been adequately deline-
ated, even for the much-studied nitrogen tetroxide/hydrazine
system. Data for nitrogen tetroxide with other hydrazine-
type fuels were sparse. No photographic techniques had yet
been demonstrated that could provide uncontroversial data
as to when separation did or did not occur. The physical
nature of the separation process, when it did oceur, was
generally presumed to involve a quasi-steady lamination of
the spray fans with fuel on one side and oxidizer on the other.

This paper provides the results of an experimental photo-
graphic study which for the first time dramatically describes



